Abstract. For fi belonging to various subclasses of univalent functions, we investigate the product given by
Introduction
In view of Riemann mapping theorem, the study of analytic univalent functions on a proper simply connected domain can be restricted to the open unit disc D := {z ∈ C : |z| < 1}. Let A be the class of analytic functions f defined on D and normalized by the conditions f (0) = 0 and f (0) = 1 and let S be its subclass consisting of univalent functions. The analytic function f is subordinate to the analytic function g, written as f ≺ g or f (z) ≺ g(z) (z ∈ D), if there is an analytic function w : D → D, with w(0) = 0 such that f = g • w. In particular, if g is univalent in D, then f is subordinate to g provided f (0) = g(0) and f (D) ⊆ g (D) . Recall that the radius of a property P in a set of functions F, denoted by R P (F), is the largest number ρ such that every function in the set F has the property P in each disc D r = {z ∈ D : |z| < r} for every 0 < r < ρ. It is simple to see that the Koebe function k(z) = z/(1 − z) 2 is starlike but the product k 2 (z)/z is not starlike. It leads to the investigation of the properties of product of univalent functions. For starlike functions f i of order 1−d i , Merkes et al. [15] have shown that the product z (f i (z)/z) is starlike of order at least 1 − d i . As a consequence, they have
shown that the product f 1 (z)f 2 (z)/z is starlike whenever the functions f 1 , f 2 are convex. Silverman [26] obtained the orders of starlikeness and convexity of products of starlike and convex functions of orders α and β respectively. Ganesan [9] generalized these results by finding the order of starlikeness, convexity and close-to-convexity of the product of functions belonging to the classes of close-to-starlike or close-to-convex functions. Various problems for the product of univalent functions were investigated in [17, 24] . Though the convolution of two convex functions is convex, the convolution of two starlike functions is not necessarily starlike. This motivates us to investigate the radius problem for the convolution of two starlike functions to belong to various subclasses of univalent functions. In [5] , Ali et al. determined some radii constants for the convolution of two starlike functions to belong to the classes of functions that are starlike of order α, parabolic starlike, strong starlike of order γ, convex of order α and uniformly convex. Some related results can be found in [21, 25] . Given the classes F 1 , F 2 , . . ., F n of locally univalent functions and the positive real numbers γ i , let
For brevity, we write H(
In Section 2, we determine the radius of starlikeness, M(β) radius as well as other radii of functions in the class H n (F i ; γ i ) when F i is a subclasses of starlike functions. In Section 3, radii constants are obtained for the convolution of two starlike functions to belong to the various classes.
Radii of starlikeness
Noticing that several subclasses of univalent functions are characterized by the quantities zf (z)/f (z) or 1 + zf (z)/f (z) lying in a region in the right-half plane, Ma and Minda [12] unified various subclasses of convex and starlike functions by considering the class Φ of all univalent analytic functions ϕ with positive real part in D, ϕ(0) = 1, ϕ (0) > 0, and ϕ maps the unit disc D onto a region starlike with respect to 1 and symmetric with respect to the real axis. For ϕ ∈ Φ, Ma and Minda [12] considered the classes
and
These classes were earlier considered in more general form by Shanmugam [23] who proved that these classes are closed under convolution with convex functions. Our first result gives a sharp radius of starlikeness of order β in the class H n (S * (ϕ i ); γ i ).
, and R β be given by
is the smallest root of the equation
Then the sharp radius of starlikeness of order β in the class
and the function (f i (z)/z) γ i is well defined and analytic in D. Since ϕ i is univalent, ϕ i (z) = 0 for all z ∈ D; in particular, the restriction of ϕ i to the interval (−1, 1) has non-vanishing derivative ϕ i (r) for r ∈ (−1, 1). Since ϕ i (0) > 0, it follows that ϕ i (r) > 0 and hence ϕ i is strictly increasing on (−1, 1) and in particular ϕ i (−r) ≥ ϕ i (−1). Let h be the function defined by (2) h
then, by using (2) and
we see that by Lindelöf subordination principle
for z ∈ D, and therefore h is starlike of order β. If
then h is not starlike of order β and so we determine the radius of starlikeness of order β. Thus, h is starlike of order β in |z| < r if
To show that our result is sharp, consider the functions
Clearly the function f i is well-defined, analytic and
n).
Product and convolution of univalent functions
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For functions f i given by (3), let h be given by (2) . For this h, by (4), we have
and this shows that the result is sharp.
Remark 2.2. Let f i ∈ S * (ϕ i ) and the function h be given by (2) . The proof of Theorem 2.1 shows that
Remark 2.3. In view of Alexander's relation between the classes
is convex of order β in |z| < R β , where R β is given by (1) . One can get similar results for the operator
where f i ∈ S * (ϕ i ) and g j ∈ K(ϕ j ). 
Then R β is the sharp radius of starlikeness of order β in the class
Then R β is the sharp radius of starlikeness of order β in the class The class of uniformly convex functions is also special case of the class K(ϕ). A function f ∈ S is uniformly convex [11] if f maps every circular arc γ contained in D with center ζ ∈ D, onto a convex arc. Denote by UCV the class of all uniformly convex functions. Ma and Minda [13] and Rønning [21] independently showed that a function f is uniformly convex if and only if
Thus, f ∈ UCV if 1 + zf (z)/f (z) lies in the parabolic region Ω := {u + iv : v 2 < 2u − 1}. A corresponding class S P consisting of parabolic starlike functions f , where f (z) = zg (z) for g in UCV, was introduced in [21] . Clearly a function f is in S P if and only if
It is known that UCV = CV(ϕ P AR ) and
A survey of these functions may be found in [7] (see also [22] ), while some radius problems associated with the classes UCV and S P can be found in [10, 19] .
Then R β is the sharp radius of starlikeness of order β in the class H n (S P ; γ i ). The sharp radius of convexity of order β in the class
Proof. Since f ∈ S P , it follows (see Ma and Minda [13] , Rønning [21] ) that zf (z)/f (z) ≺ ϕ P AR (z), where
Since ϕ P AR (D) is the parabolic region Ω, it is clear that ϕ P AR is a convex function (and therefore starlike with respect to 1). Further ϕ P AR (D) is symmetric with respect to the real axis and ϕ P AR (0) = 8/π 2 > 0. We have
and so
The result now follows from Theorem 2.1. 
The following corollary now readily follows from Corollary 2.6.
Then R β is the sharp radius of starlikeness of order β in the class H n (S * (A, B) ; γ i ). 
are the classes of strongly starlike functions of order γ and strongly convex functions of order γ. An application of Theorem 2.1 yields the following corollary. 
Then R β is the sharp radius of starlikeness of order β in the class
It is easy to see that
and it attains its minimum at t = π. Thus
Also ϕ(D) is the right-half of the interior of the lemniscate of Bernoulli |w 2 −1| = 1; therefore it is convex (and hence starlike with respect to 1), and symmetric with respect to the real line. Notice that ϕ −1 (w) = w 2 −1 and hence
The result now follows from Corollary 2.6. The class S * RL consists of functions f ∈ A for which zf (z)/f (z) lies in the interior of the left-half of the shifted lemniscate of Bernoulli: {w ∈ C : Re w > 0, |(w − √ 2) 2 − 1| < 1} was introduced by Mendiratta et al. [14] . We note that
.
Corresponding subclasses of convex functions of M(β), S *
A calculation shows that
Since ϕ(D) is the left-half of the interior of the shifted lemniscate of Bernoulli |(w − √ 2) 2 − 1| = 1, it is convex (and hence starlike with respect to 1), and symmetric with respect to the real line. Notice that
The result now follows from Corollary 2.6. [31] , and Owa and Srivastava [18] . Related radius problem for this class can be found in [2, 3, 4, 6] .
Then R β is the sharp radius of starlikeness of order β in the class
and therefore Re(zf (z)/f (z)) ≥ φ i (r) for |z| ≤ r < 1. Hence, by (2) , it follows that
The result is sharp for the function h given by (2) , where 
Re ϕ(z) = ϕ(−r).
Our next theorem presents a function ϕ for which if r ≥ 1/2. So for the function h given by (2), we have (6) Re
Then R β is the sharp radius of starlikeness of order β in the class
On the other hand if r > 1/2, by (6), it is easy to deduce that 
, then by (6) , it follows that
On the other hand if R β > r > 1/2, by (6), it follows that
By (6), it follows that
The result is sharp for the function h given by (2) where
n).
For n = 1, γ 1 = 1, Theorem 2.19 gives the radius of starlikeness order β for the class of S * C associated with a cardioid. Corollary 2.20.
Then R β is the sharp radius of starlikeness of order β, 0 ≤ β < 1 in the class S * C . The following theorem, whose proof is omitted, investigates the M(β)-radius of the product of functions belonging to the classes S * (ϕ i ). Several corollaries are also pointed out.
where r 0 ∈ (0, 1) is the smallest root of the equation 
(c) Let
Then R β is the sharp M(β) radius in the class H n (S * (A, B) ; γ i ). (e) Let
Then R β is the sharp M(β) radius in the class H n (S * C ; γ i ). Remark 2.23. When n = 1, γ 1 = 1, the above corollary reduces to a result in [16] .
Proof. Proceeding as in Theorem 2.17 and using the equality 
and h given by (2) .
Proof.
(1) A calculation using (2) gives
Since
we have h ∈ S P . Other parts are proved similarly.
Radius problems for convolution
This section is devoted to the determination of various radii for the convolution of two starlike functions to belong to various subclasses of univalent functions. 
The upper bound for ρ is sharp.
, where the functions F and G are defined by
Since f and g are starlike functions, F and G are convex . Since the convolution of two convex functions is convex, it follows that F * G is convex. Shanmugam [23] proved that the class S * (ϕ) with convex ϕ is closed under convolution with convex functions. For 0 < a < √ 2, it is known that [14] the disc {w : |w − a| < r a } is contained in the left half of shifted lemniscate {w :
A calculation using
and the fact that (9) 1 + z
we have, for |z| = r < 1,
Since the disc (10) is centered at the point a := (1 + r 2 )/(1 − r 2 ) ≥ 1, it is contained in the left half of the shifted lemniscate of Bernoulli
For r ≤ ρ, the above inequality is satisfied. This shows that ρ is sharp S * RL radius of the function H. Therefore the S * RL -radius for the function h is atleast ρ. To prove sharpness, consider the functions
, the sharpness follows. Thus, the function 
is the smallest positive root of the equation: 
where
, where ρ 5 0.0365059 is the smallest positive root of the equation:
The result is sharp.
Proof. Let H be given by (7) . The equation (8) gives
For |z| = r < 2 − √ 3, using (9) , and the inequality
This shows that
(a) Let a > 1/2 and
It is known that [24] This shows that the number ρ 1 is sharp. Define the function h : D → C by h(z) = f (z) * g(z). Then h(z) = F (z) * G(z) * H(z) where F and G are respectively defined by zF (z) = f (z) and zG (z) = g(z). Since f, g are starlike, it follows that F and G are convex. Since convolution of two convex functions is convex, F * G is convex. Also the function H(ρ 1 z)/ρ 1 is a function in UCV and hence F (z) * G(z) * H(ρ 1 z)/ρ 1 is again in the class UCV. Equivalently, h ρ 1 (z) = (F * G * H)(ρ 1 z)/ρ 1 is in UCV. Thus UCV radius of the function h is at least ρ 1 .
Consider the Koebe function f (z) = z/(1 − z) 2 ; it is starlike and the UCV radius of f (z) * g(z) = (z/(1 − z) 2 ) * g(z) = zg (z) is same as the radius of uniformly convexity of g. Since ρ 1 is the radius of uniform convexity of starlike functions, the radius is sharp. This proves the result in part (a). Also the function h ρ 5 ∈ S * RL follows from Theorem 3.1.
